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Abstract
This is an addendum to the paper “Deformation of L∞-Algebras” [9].
We explain in which way the deformation theory of L∞-algebras extends
the deformation theory of singularities. We show that the construction
of semi-universal deformations of L∞-algebras gives explicit formal semi-
universal deformations of isolated singularities.
Introduction
In this paper, we apply the following general idea for the construction of mod-
uli spaces to isolated singularities: Take the differential graded Lie algebra L
describing a deformation problem (for isolated singularities, this is the tangent
complex) and find a minimal representative M of L in the class of formal L∞-
algebras (see [9]). In geometric terms, M is a formal DG-manifold, containing
the moduli space as analytic substructure. This general concept is also sketched
in [7].
We define a functor F from the category of complex analytic space germs
to the localization of the category of L∞-algebras by L∞-equivalence. For a
singularity X , we take the semi-universal L∞-deformation (V,Q
V ) of F (X)
constructed in [9]. For isolated singularities, the components V i are of finite di-
mension. The restriction of the vectorfield QV defines a formal map (Kuranishi-
map) V 0 −→ V 1 whose zero locus gives the formal moduli space.
1 Definitions and reminders
In the whole paper, we work over a ground field k of characteristic zero.
Denote the category of formal (resp. convergent) complex analytic space
germs by Anf (resp. An). Denote the category of isomorphism classes of formal
DG manifolds by DG-Manf. We use the following superscripts to denote full
subcategories of DG-Manf:
L (“local”): the subcategory of all (M,QM ) in DG-Manf such that QM0 = 0;
M (“minimal”): the subcategory of all (M,QM ) in DG-ManfL such that QM1 = 0;
G (“g-finite”): the subcategory of all (M,QM ) in DG-ManfL such thatH(M,QM1 )
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is g-finite.
We call a morphism f = (fn)n≥1 in DG-Manf
L weak equivalence, if the
morphism f1 of DG vectorspaces is a quasi-isomorphism, i.e. if the correspond-
ing morphism of L∞-algebras is an L∞-equivalence. Recall that by Theorem
4.4 and Lemma 4.5 of [3], weak equivalences define an equivalence relation in
DG-Manf
L and that in each equivalence class, there is a uniquely defined mini-
mal model, i.e. an object belonging to DG-ManfM .
Proposition 1.1. We can localize the category DG-ManfL by weak equivalences
(≈). The quotient DG-ManfL/ ≈ is equivalent to the category DG-ManfM and
the localization functor assigns to each object of DG-ManfL its minimal model.
Proof. This follows directly by Corollary 2.5.7 of [7]. 
2 The functors F and V
In this section we explain how to represent (formal) singularities by formal DG
manifolds.
Let C be the category of formal analytic algebras, A ∈ Ob(C) and R = (R, s)
a resolvent of A over k, i.e. a g-finite free DG-algebra in gr(C) such that
H0(R, s) ∼= A and Hj(R, s) = 0, for j < 0. For l ≥ 0, let Il be an index set
containing one index for each free algebra generator of R of degree −l. Consider
the disjoint union I of all Il as graded set such that g(i) = l, for i ∈ Il. Fix an
ordering on I, subject to the condition i < j, if g(i) < g(j).
Thus, as graded algebra, R = k[[X0]][X−], where X0 = {xi| i ∈ I, g(i) = 0}
and X− = {xi| i ∈ I, g(i) ≥ 1} are sets of free algebra generators with g(xi) =
−g(i).
SetM :=
∐
i∈I kei to be the free, graded k-vectorspace with base {ei : i ∈ I},
where g(ei) = g(i). Consider S(M) =
∐
n≥0M
⊙n in the usual way as graded
coalgebra (see Section 1.1 of [9]). Set
S(M)∗ := Homk−Mod(S(M), k) =
∏
j≥0
Homk−Mod(M
⊙j, k).
We identify products xi1 · . . . ·xil in R with the maps M
⊙l −→ k, defined by
ei1 · . . . · eil 7→ 1 and ej1 · . . . · ejl 7→ 0 for {j1, . . . , jl} 6= {i1, . . . , il}. Especially,
we identify each constant λ ∈ k with the map k −→ k, sending 1 to λ. We have
Rj =
∏
n≥0
Homj(M⊙n, k)
and R =
∐
j≤0 R
j . The differential s of R extends naturally to R¯ :=
∏
j≤0 R
j.
As complexes, R and R¯ are identical, but not as graded modules. We identify
R¯ = S(M)∗. Set
Der(R) :=
∐
i∈Z
Deri(R,R) and Coder(S(M)) :=
∐
i∈Z
Coderi(S(M), S(M)).
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Denote Diff(R) (resp. Codiff(S(M))) the submodule of differentials (resp. cod-
ifferentials). The following proposition explains why, for a formal DG manifold
W , the complex Coder(S(W ), S(W )) is called tangent complex of W .
Proposition 2.1. Take R and M as above. The natural map
Coder(S(M)) −→ Der(R),
Q 7→ sQ
where sQ(g) = g ◦Q, is bijective and the restriction gives rise to an isomorphism
Codiff(S(M)) −→ Diff(R).
Proof. The injectivity is clear. Surjectivity: A derivation s of degree j on R
induces a differential (also denoted by s) on R¯ = S(M)∗. We have to find
a coderivation Q of degree j on S(M) such that, for u ∈ S(M)∗, we have
s(u) = u ◦Q.
For each i ∈ I, set fi := s(xi). Then, fi is a product ((fi)n)n≥1 with
(fi)n ∈ Hom
−g(i)+1(M⊙n, k). We define the coderivation Q by
Qn(m1, . . . ,mn) :=
∑
i∈I
(fi)n(m1, . . . ,mn) · ei,
for homogeneous m1, . . . ,mn ∈M . In fact, the non-vanishing terms in the sum
satisfy the condition g(m1) + . . . + g(mn) = g(i), hence the sum is finite. To
show that for u ∈ S(M)∗, we have s(u) = u ◦Q, it is enough to show that for
all i ∈ I, s(xi) = xi ◦Q. But by definition, for m1, . . . ,mn ∈M , we have
(xi ◦Q)n(m1, . . . ,mn) = (fi)n(m1, . . . ,mn) = (s(xi))(m1, . . . ,mn).
The second statement is a direct consequence of the first. 
As consequence, the differential s on R induces a codifferential QM on S(M).
We consider the pair (M,QM ) as formal DG manifold in DG-ManfLG. It has
the following property: The restriction of QM to M0 defines a formal map
M0 −→M1. Its zero locus is isomorphic to X .
Summarizing the above construction, to each formal space germ X with
associated formal analytic algebra A, we can construct a formal DG manifold
(M,QM ), containing X as “subspace”. Of course, (M,QM ) depends on the
choice of the resolvent (R, s). But we will show that (M,QM ) is well defined up
to weak equivalence, i.e. that the assignment X 7→ (M,QM ) defines a functor
F : Anf −→ DG-ManfLG/ ≈ .
Lemma 2.2. If W = (W,d) is a DG k-vectorspace and if the dual complex
Hom(W,k) is acyclic, then W is acyclic. Consequently, if f : V −→ W is a
morphism of DG k-vectorspaces such that the dual complex f∗ : W ∗ −→ V ∗ is
a quasi-isomorphism, then f is a quasi-isomorphism.
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Proof. Assume that M is cyclic, i.e. there is an n and an element a ∈Mn such
that dn(a) = 0 and a 6∈ Im dn−1. LetB′ be a base of im dn−1. We extend B′∪{a}
to a base B of Mn. Let p : Mn −→ k be the projection on the coordinate a of
B. Then, d∗(p) = p◦dn−1 = 0 and p(a) = 1, hence p 6∈ Im d∗. Contradiction ! 
Lemma 2.3. Let f : M −→ M ′ be a morphism of formal DG-manifolds such
that the corresponding map S(M) −→ S(M ′) is a quasi-isomorphism of com-
plexes. Then, f is a weak equivalence.
Proof. By the Decomposition Theorem for L∞-algebras (see Lemma 4.5 of [3]),
we may assume that M is minimal and that f is strict. In this case, the ho-
momorphism f : S(M) −→ S(M ′) of DG coalgebras is a direct sum of maps of
complexes f1 :M −→M
′ and
∑
j≥2
f⊙j1 :
∐
j≥2
M⊙j −→
∐
j≥2
M ′
⊙j
.
Since the sum is a quasi-isomorphism, both factors are quasi-isomorphisms. 
Corollary 2.4. Let F : (M,QM ) −→ (M ′, QM
′
) be a morphism of formal DG
manifolds in DG-ManfG and suppose that the dual map If S(M ′)∗ −→ S(M)∗ is
a quasi-isomorphism of free DG algebras, then F is a weak equivalence.
Proof. This follows by Lemma 2.2 and 2.3. 
Thus, we have proved the functoriality of F . Next, we define a functor
V : DG-ManfGM −→ Anf
as already mentioned above: For a minimal DGmanifold (M,QM ) in DG-ManfMG,
set V (M,QM ) to be the zero locus of the formal map M0 −→M1, induced by
QM . It can easily be seen that the composition V ◦ F is the identity on Anf.
As a consequence, we get the following theorem:
Theorem 2.5. The functor F embeds Anf as full subcategory into DG-ManfGM .
3 Deformations and embedded deformations
In this section we recall some classical results, showing that each deformation
of a singularity is equivalent to an embedded deformation.
A morphism G : C −→ D of fibered gruppoids over the category An of com-
plex space germs is called smooth if the following condition holds: If β : b −→ b′
is a morphism in D such that G(β) : S −→ S′ is a closed embedding, and if a is
an object in C such that G(a) = b, then there is a morphism α : a −→ a′ in C
such that G(α) = β.
Consider a complex space germX with corresponding analytical algebraOX .
Suppose that X is embedded in the smooth space germ P with corresponding
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analytic algebra R0. Let R = (R, s) be a g-finite, free algebra resolution of OX
such that R0 = OP .
For any space germ (S,OS), set RS := R⊗ˆCOS and
C(S) := {δ ∈ Der1(RS , RS)| δ(0) = 0 and (s+ δ)
2 = 0}
Furthermore, let D(S) be the equivalence class of deformations of X with base
S, i.e. the equivalence class of all flat morphisms X −→ S such that there is a
cartesian diagram
X //

X

∗ // S
(3.1)
Then, C and D are fibered gruppoids over An and we define a morphism
G : C −→ D as follows: For δ ∈ C(S), let X be the space germ with OX =
H0(RS , δ+s) and X −→ S the composition of the closed embedding X −→ S×P
and the canonical projection S × P −→ S. Obviously, there is a cartesian dia-
gram (3.1). I. e. G(δ) := X −→ S is a deformation of X . We want to remind
the proof of the well-known fact that G is smooth.
Let (A,m) be a local analytic algebra, B a graded, g-finite free A-algebra
and C a flat DG-algebra over A. For A-modules M , we set M ′ := M⊗ˆAA/m.
The following statement is a special case of Proposition 8.20 in Chapter I of [1]:
Proposition 3.1. Let v′ ∈ Der1B′
0
(B′, B′) be a differential and φ′ : B′ −→
C′ a surjective quasi-isomorphism of DG-algebras over A′. Then, there is a
differential v ∈ Der1B0(B,B), lifting v
′ and a surjective quasi-isomorphism φ :
B −→ C of DG-algebras, lifting φ′.
Corollary 3.2. For all S in An, G(S) : C(S) −→ D(S) is surjective.
Proof. For X −→ S in D(S), we have to find a OS-derivation δ : RS −→ RS of
degree 1 with δ(0) = 0 such that δ + s is a differential and a surjective quasi-
isomorphism (RS , s + δ) −→ OX . Since RS⊗ˆOSC = R and OX ⊗ˆOSC = OX ,
the existence follows by Proposition 3.1. 
Corollary 3.3. G is smooth.
Proof. We have to show that for each δ ∈ C(S) and each morphism
X := V (S × P, δ + s) //

X ′

S // S′
of deformations ofX , there exist δ′ ∈ C(S′) such that G(δ′) = X ′ and a cartesian
diagram
(RS′ , δ
′ + S) // (RS , δ + s)
OS′
OO
// OS
OO
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Setting A := OS′ , this follows by Proposition 3.1. 
In the literature (see [1], for instance), the deformation functor is defined such
that a space germ S maps to the quotient of C(S) by the Lie group, associated
to the Lie algebra Der0(RS , RS). In fact, G factors through this quotient and
the first factor is even “minimal smooth”. For the construction here, we don’t
need to consider this group action to get semi-universal deformations. One can
say that the group action is replaced by the going - over to a minimal model.
4 A formal semi-universal deformation
In this section, we apply the new method for the construction of a formal semi-
universal deformations to isolated singularities X . Let (M,QM ) := F (X) be
the formal DG-manifold in DG-ManfMG, assigned to the space germ X . As in
Section 2, denote the resolvent of A = OX , having S(M)
∗ as completion, by
(R, s).
By Theorem 5.13 of [9], there is a semiuniversal deformation (V,QV , Q)
of (M,QM ). Recall that as graded modules V = H [1], where H denotes the
cohomology of Coder(S(M), S(M)), i.e. the tangent cohomology of X . It is
well-known that H is g-finite.
We apply the functor V to the morphism (V ×M,QV +QM+Q) −→ (V,QV )
and get a morphism Y −→ Y in Anf.
Theorem 4.1. The morphism Y −→ Y is a formal semi-universal deformation
of the space germ X.
Proof. Let
X

Xoo

S ∗oo
be any formal deformation of X . By Corollary 3.3, there is a morphism of the
deformation X −→ S to an embedded deformation X˜ −→ S, where X˜ is such
that OX˜ = H
0(RS , s+ δ), for a certain δ ∈ C(S) (see Section 3). I.e. there is a
cartesian diagram
X˜

Xoo

S Soo
Set (B,QB) := F (S). By Proposition 2.1, to δ, there corresponds a coderivation
Qδ in Coder
+1(S(B ×M), S(B ×M)), defining a deformation (B,QB, Qδ) of
(M,QM ). Since (V,QV ) is semi-universal, there is a morphism
(B ×M,QB +QM +Qδ) //

(V ×M,QV +QM +Q)

(B,QB) // (V,QV )
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of deformations. Application of the functor V gives a cartesian diagram
X˜ //

Y

S // Y
which obviously respects the distinguished fiber X −→ ∗. This shows that
Y −→ Y is versal. Since Y is a formal analytic subgerm of V 0 = H1, we have
dim(TY ) ≤ dimH1. Thus, necessarily Y −→ Y is semi-universal (see Chapter
2.6 of [8]). 
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